arXiv:hep-ph/0512216v2 17 Dec 2005 


QUANTIZATION AND HIGH ENERGY 
UNITARITY IN ORBIFOLD THEORIES 


A THESIS SUBMITTED TO THE UNIVERSITY OF MANCHESTER 
FOR THE DEGREE OF DOCTOR OF PHILOSOPHY 

IN THE Faculty of Engineering and Physical Sciences 


May 2005 


by Lars Nilse 

School of Physics and Astronomy 


Contents 


Abstract 

3 

Declaration! 

4 

CoDvrisTht 

5 

Acknowlederementsi 

6 

1 

Introduction! 

7 

2 

Ward and Slavnov-Tavlor identities! 

12 


2.1 4D Yane-Mills theories! . 

. 12 


2.2 Comnaetified 5D Yane-Millf? thwric;;!^ . 

. 17 




3 

Generalized Eauivalence Theorem 

28 

4 

Hierh-Enere-y Unitarity Rounds! 

36 


Conclusions! 

44 


A 

Eeynman rules! 

45 

B 

Mass eierenmode exnansion 

48 


R.l Rrane kinetic term at ?/ = f1 . 

. 48 


R.2 Rrane kinetic terms at ?/ = D and y = tiTA . 

. 53 

C_ 

Products on 

56 

D 

Summation oyer KK modes! 

61 


Bibliography 


65 


2 












































Abstract 


We study five-dimensional Yang-Mills theories compactified on an orb- 

ifold. The fundamental Lagrangian naturally includes brane kinetic terms at 
the orbifold hxed points which are induced by quantum corrections of the bulk 
helds. The theories are quantized in the higher-dimensional gauges before 
compactihcation. Using Ward and Slavnov-Taylor identities, an all-order proof 
of a generalized equivalence theorem is presented. The theorem relates scattering 
amplitudes of longitudinal Kaluza-Klein gauge bosons to amplitudes of the corre¬ 
sponding scalar modes. Non-trivial sum rules among the fundamental couplings 
of the 4D effective theory he at the heart of high energy unitarity cancellations. 
Using a novel coupled channel analysis, we derive an upper bound on the num¬ 
ber of Kaluza-Klein modes from perturbative unitarity. The bound shows a very 
weak dependence on the size of the brane kinetic terms. 
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Chapter 1 
Introduction 


The Higgs of the Standard Model (SM) does not only break gauge symmetry 
and give rise to particle masses, but restores unitarity in high energy scattering 
processes. Any theory with the ambition to replace the electroweak symmetry 
breaking mechanism of the SM has to address all three of the above points sat¬ 
isfactorily. 

The concept of extra spatial dimensions proves to be popular in modern 
physics, since it allows for new perspectives on a wide range of problems. We will 
present a short overview at the end of this section. In held theories with extra 
spatial dimensions, gauge symmetry breaking can be realized either explicitly by 
boundary conditions [1-4] or dynamically via the Hosotani mechanism [5-8]. In 
the latter case, the extra component of the higher dimensional gauge held ac¬ 
quires a vacuum expectation value and can therefore play the role of the Higgs 
held in the SM. Particle masses arise naturally in these theories as a consequence 
of the Kaluza-Klein (KK) compactihcation. In this thesis, we will focus on the 
last of the above points and study in detail how the unitarity of the scattering 
matrix is ensured in quantum held theories with extra dimensions. We will put 
particular emphasis on a careful quantization procedure. 

The particular model of our study is hve-dimensional (5D) Yang-Mills theory 
compactihed on an 1^2 orbifold. The fundamental Lagrangian contains addi¬ 
tional kinetic terms for the gauge helds that are localized at the orbifold hxed 
points. These so-called brane kinetic terms (BKT) act as counter terms that 
renormalize UV-inhnite operators arising from quantum corrections of the bulk 
helds. They are therefore strictly necessary for a consistent formulation of the 
theory. We quantize the theory before compactihcation and thereby extend the 
approach in [9] to orbifold theories with BKT. The resulting ehective theory is 
free of any mixing terms, either between gauge and scalar sector or between dif¬ 
ferent KK modes, and could be interpreted as a theory in which each individual 
KK gauge mode is gauge-hxed in the conventional 4D gauges. 

The advantages of this 5D quantization method become apparent when study¬ 
ing the symmetries of the theory. The classical and quantized action of the higher¬ 
dimensional theory are invariant under standard gauge and BRS transformations. 
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which in turn give rise to Ward and Slavnov-Taylor (ST) identities [10]. After 
KK reduction, these symmetries and identities have their counterparts in the ef¬ 
fective theory. It is the set of these 4D Ward and Slavnov-Taylor identities that 
provides the basis of our high energy unitarity discussion. In an earlier study, 
the authors of [11,12] checked the equivalence theorem (ET) for particular pro¬ 
cesses at tree-level in orbifold theories without BKT. Here we are able to prove 
the more comprehensive Generalized Equivalence Theorem (GET) for arbitrary 
processes at all orders in orbifold theories with BKT. As we will see, the high 
energy unitarity relies on subtle cancellations between the modes of the entire 
KK tower. 

The 5D quantum held theories we are starting from are non-renormalizable. 
Hence we can only treat them as effective theories [13]; intermediates between a 
fundamental (most likely stringy) UV complete theory and an effective 4D the¬ 
ory from which we calculate our predictions for scattering amplitudes and decay 
widths. Perturbative unitarity puts limits on the size of partial wave amplitudes 
of scattering processes. We employ these limits to derive the energy scale, up to 
which the predictions of our effective theory can be trusted. This upper energy 
bound corresponds to a maximum KK number available in the effective theory. 
We hud it to show a strikingly weak dependence on the strength of the local¬ 
ized terms. Even huge BKT are not able to screen the dynamics in the bulk. 
This is indeed plausible, since high energy unitarity probes length scales much 
smaller than the compactihcation radius and is therefore ignorant of any localized 
operators. 

In the following, we give a very short overview of physics in higher-dimensional 
spacetimes in order to describe the context of our study. More complete intro¬ 
ductions and reviews of extra dimensions can be found in [14-19]. 

After Riemann [20] had laid the mathematical foundations in the late nine¬ 
teenth century, Nordstrom, Kaluza and Klein [21-23] were the hrst to apply the 
concept of extra space dimensions to physics. Their early attempt to develop 
a unihed theory of electromagnetism and gravity failed, and the idea of extra 
dimensions played no further role in the development of early twentieth century 
physics. It reemerged more than hfty years later within superstring theory, when 
Green and Schwarz [24, 25] realized that 10 spacetime dimensions were needed 
for an anomalous-free, i.e. consistent, formulation of the theory. String the¬ 
ory was, and is, the only promising candidate for a quantum theory of gravity, 
and the concept of extra dimensions became widely accepted among theoretical 
physicists. With a 16-orders-of-magnitude gap between direct string theoretical 
predictions and the scale of their current experiments, experimental physicists 
remained less enthusiastic. That changed, when Antoniadis and independently 
Lykken [26-28] realized that compactihcation and string scale are not necessarily 
tied to the Planck scale. Earlier naive dimensional analyses had incorrectly as¬ 
sumed that all dimensionless parameters of the theory, such as the unihed gauge 
coupling, had to be of order one. Suddenly, even TeV~^ sized extra dimensions 
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became imaginable. In our present discussion, we will distinguish between four 
different scenarios with large extra dimensions. 

The first of them was proposed by Arkani-Hamed, Dimopoulos and Dvali 
(ADD) [29-31] in 1998. The d > 2 extra dimensions in their framework are flat 
and compactihed, i.e. hnite. Gravity propagates in the entire bulk, whereas SM 
helds are restricted to a 3-brane. The large size R of the extra dimensions is 
the key which enables the authors to solve, or rather evade, the gauge hierarchy 
problem. ADD argue that the fundamental higher-dimensional Planck scale Mpj 
and our electroweak scale Mew are identical. Four-dimensional gravity appears 
weak to us, since it is diluted by the volume of the compactihed dimensions. 
A simple argument based on GauB’s law relates our Planck scale Mpi in four 
dimension to the fundamental scale, Mpj ~ R^ 

A year later, Randall and Sundrum (RS) [32,33] presented a radically different 
explanation of the hierarchy. Their model assumes a single warped extra dimen¬ 
sion of hnite or even inhnite size. Gravity travels in the extra dimension and is 
localized on a 3-brane. The SM is stuck on a second brane some distance apart. 
The hierarchy arises this time from an exponential factor in the AdS background 
metric of the extra dimension. 

In the scenario by Dvali, Gabadadze and Porrati (DGP) [34-36] the extra 
dimension is neither compact nor warped. A single 3-brane is located at y = 0 
in the hat, inhnite extra dimension. The SM is again conhned to the brane. The 
fundamental action J d^x + 5{y)MpY^/\g\R) includes a BKT which 

is induced by loop corrections. IZ and R are the Ricci scalars of the 5D metric 
and the induced 4D metric g^u{,x) = G^u{,x,y = 0) respectively. The 5D Planck 
mass Mpj and its 4D counterpart Mpi are understood to be independent param¬ 
eters of the theory. At short distances, the 4D scalar curvature term dominates 
and gravity is four-dimensional as observed. At very large distances the 5D term 
takes over, and contrary to the ADD scenario gravity appears to be weaker at 
cosmic distances. The crossover scale Mpj/(2Mpj^) is of the order of the present 
Hubble length. The leakage of gravity into the extra dimension at large distances 
can explain the observed acceleration of our Universe [37,38]. The introduction 
of a small cosmological constant, and therefore another hierarchy, is consequently 
not necessary. 

The fourth scenario, known as Universal Extra Dimensions (UED) [39], was 
put forward by Appelquist, Gheng and Dobrescu in 2000. It is the one we are 
going to work in. One or more flat extra dimensions are compactihed on a mani- 
or orbifold. Unlike in ADD or RS, gravity is absent and the model has con¬ 
sequently nothing to say about the hierarchy between the electroweak and the 
Planck scale. In the most simple version of the scenario, all of the SM helds are 
allowed to propagate in the bulk; in this sense the extra dimensions are ’univer¬ 
sal’. The SM in ADD, RS and DGP scenarios is hxed to the 3-brane and remains 
four-dimensional. In UED on the other hand, every single held is aware of the 
extra dimensions. It is this fact that allows UED to address a very wide spectrum 
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of problems: Totally new gauge and SUSY breaking mechanisms become possi¬ 
ble [4,16]. The fermion mass hierarchy, proton life time [40-43] or the number of 
fermion generations [44] can be understood. Electroweak physics [45-49] has no 
longer to rely on the Higgs mechanism. In the 4D SM, gauge couplings run log¬ 
arithmically in the energy scale. Dienes, Dudas and Gherghetta (DDG) [50-52] 
pointed out that couplings in higher-dimensional theories follow a power law. 
The couplings unify earlier and the hierarchy between the electroweak and the 
GUT scale is consequently reduced. Even dark matter [53-59], dark energy and 
quintessence [60-62] can be viewed from a new perspective. 

If large extra dimensions are not merely a possibility but reality, evidence of 
them is most likely to show up in one of the following three types of experiments: 
First there are classical collider searches [19]. Future machines such as the Large 
Hadron Collider (LHC) or the International Linear Collider (ILC) [63,64] might be 
able to probe energy scales characteristic for extra dimensions. References [65-67] 
study for example signatures for ADD scenarios. Signatures for UED might be 
very similar to the ones for SUSY, and linear collider studies are likely to be 
necessary to distinguish between the two [68]. On the other hand, UED evidence 
might be hidden in old-fashioned precision measurements [69-71]. 

A further promising approach are sub-millimeter Inverse Square Law (ISL) 
tests of gravity [72]. The most sensitive of these tests are torsion pendulum 
experiments, for example the one currently conducted by the Eot-Wash group [73] 
at Washington University. New planar geometries [74] or novel concepts using 
neutrons in the gravitational held of the earth [75] might push the limits further 
in the years to come. 

Other severe constraints on the size of extra dimensions arise from astrophysics 
and cosmology [14]. Possible implications include core cooling of supernovae, 
see study of SN1987A [76-78], a cosmic diffuse gamma-ray background [79,80], 
neutron star heat excess [81], overclosure of the Universe [82] or a very early 
matter-dominated phase in the evolution of the Universe [83]. 

Finally, we would like to comment on the origin of the brane localized terms that 
are to appear in our fundamental Lagrangian BKTs are hrst discussed in 

the context of localized gravity in the DGP framework [84,85]. The concept is 
subsequently applied to SM helds in UED [86,87]. The authors calculate quantum 
corrections to self-energies in the higher-dimensional theory. Due to the orbifold 
symmetry, Lorentz invariance of the higher-dimensional theory is broken, which 
is reflected in the form of the propagators. Take for example the propagator of 
an even/odd scalar. 

D{p,P5-,q,q5) = 2 ^ 

p-pi 2 

It has got one contribution that no longer preserves the discrete component of 
the hve-momentum, p^ ^ q^. Gharacteristic loop corrections involve two of these 
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propagators. After integration and summation over the internal momenta, the 
self-energy correction splits into two parts. One contributes to the renormaliza¬ 
tion of the bulk helds. A second term is localized at the orbifold hxed points 
and was not present in the original Lagrangian. The detailed calculations are 
described in [86,87]. 

The thesis is structured as follows. Chapter |21 starts with a brief review of the 
derivation of Ward and ST identities in 4D Yang-Mills theories. It is followed 
by our study of 5D orbifold theories with BKT, starting with their quantization 
and compactihcation. The orthonormal basis used in this process is derived in 
Appendix |Bl Appendix [0 develops tools that prove to be helpful when deriving 
Ward and ST identities for the 4D effective theory. Based on these identities. 
Chapter 121 presents a proof of the GET and studies particular examples. The cal¬ 
culations in this chapter make use of sum rules that are derived in Appendix O 
Chapter H) presents the derivation of upper bounds on the KK modes from per¬ 
turbative unitarity, after which some hnal conclusions are drawn in Chapter |21 
The results of this thesis have been published in [88]. 


Chapter 2 

Ward and Slavnov-Taylor 
identities 


Let us start by reviewing the derivation of Ward and Slavnov-Taylor identities 
in four-dimensional Yang-Mills theories, such as standard QCD. We will £x our 
notation and discuss the basic principles, before applying them to compactihed 
hve-dimensional Yang-Mills theories in the following section. 

2.1 4D Yang-Mills theories 

The Lagrangian of 4D Yang-Mills theories quantized in the gauges is given by 

^YM =+ Cqp + Cpp , ( 2 . 1 ) 

where + gf^’^'^A^^Al denotes the field-strength tensor of the 

gluon held The gauge-fixing term £gf and the associated ghost term £fp 
are given by 


CGF = -T(Fl/l;|)" = -l(aMy^ (2.2) 

Cpp = c“ c‘ = C“ - j/“‘' S^Al) c*. (2.3) 

The classical part of the Lagrangian /Iym, he. the hrst term in (ED) , is invariant 
under the usual gauge transformations 

_ j^ab Qh ^ _ ^jabc OK ( 2 . 4 ) 

The tree-level effective action is identical to the classical action itself, r[24“] = 
— h J (Rx F'^^F°‘^'^, and hence invariant under the above transformations too. 
From this invariance we can immediately derive the master Ward identity for 4D 
Yang-Mills theories. 
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d, 


r[A^^] = r[A;, + 

5r 




= 0 


(2.5) 

( 2 . 6 ) 


Functionally differentiating the identity with respect to the gluon helds ^4“ and 
hnally setting all helds to zero, we arrive at particular Ward identities that re¬ 
late the one-particle irreducible (IPI) n-point functions of the theory. Since we 
started off from the tree-level effective action F, we derive relations between the 
fundamental interactions of the theory. Let us follow a particular example. Func¬ 
tionally differentiating (Eini) with respect to A'^(y), we hnd 


d„ 


ST 


SAHx) 5A'l{y) 




Y( ) 

5AHx)5At{y) 


6T 






X 


y)=0. 


A further differentiation with respect to Ap{z) results in an equation involving 
four terms. Setting all of the helds equal to zero, the term proportional to A^(x) 
drops out. Introducing the notation y,- ■ ■) = (5F/[5A“(x) SA^{y) ■ ■ ■] for 

the IPI Greens functions, we derive a Ward identity in position space. 


d'‘G'‘^,(x,v,z)-gr>^Gf„(x,y) S'*\x-z) 

-gr‘^G%(x,z) i'‘>(i-s)=0 

Fourier transforming the result, we arrive at a hnal Ward identity that can graph¬ 
ically represented^ as follows. 



Functionally diherentiating (EH) with respect to a third gluon held Al{u) before 
setting all helds to zero, we can derive a Ward identity relating the fundamental 


^We follow the convention, that all momenta flow into the vertices. Note that the diagrams 
on the right hand side (RHS) of 12.711 stand for the 2-point functions and not the propagators. 
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cubic and quartic couplings of the theory. 


cp 



( 2 . 8 ) 


Let us now turn to the quantized theory. After quantization the full Lagrangian 
£ym is no longer gauge-invariant, but it does retain an invariance under BRS 
transformations, 


=ujsA^=uj 


SC = uj s C = 


UJ 


gf 


abc 


-c^C 


SC = UJ sC = UJ 


F[A^ 


= UJ 


d^A^, 


(2.9) 


where a; is a small Grassmann parameter, i.e. o;^ = 0. The nilpotency of the BRS 
operator, s^A“ = s^c“ = s^c“ = 0, ensures the unitarity of the physical S-matrix. 

Following the standard path-integral quantization formalism [10], we intro¬ 
duce the functionals W and Z, which generate the full and connected Green’s 
functions respectively. In addition to the sources of gluons, ghosts and antighosts, 
D and D°', we allow for the terms and M“. These are the sources of 
operators and sC, and will ensure that our hnal expression will be a 

simple hrst order functional differential equation. 


W = 


jDADcDc exp 



+ + M“sc“) 

/i. fl / 


( 2 . 10 ) 


The BRS invariance of the action and path-integral measure implies again the 
invariance of the generating functionals. 


Z[A“, C, C] = Z[A“ -f C + SC, C + SC] 


( 2 . 11 ) 
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Substituting the explicit form (EH) of the BRS transformations into dTTUH , we 
can rewrite the transformation of the fields as a transformation of the sources 


instead^. The master ST identity for 4D Yang-Mills theories follows directly. 




(2.13) 


Earlier in this section we encountered already the effective action T, but worked 
with it only at tree-level. Defining the full effective action as usual, we can derive 
a master ST identity for IPI Green’s functions^. 



(2.14) 


6T 6T 6T 6T 
5A<f, 6(A 



(2.15) 


As before, functional differentiation of the master equations will lead to particular 
ST identities for connected/lPI Green’s functions. But there is a more direct way 
of deriving specific ST identities. It is based on the observation that the BRS 
invariance of the generating functionals implies the invariance of the Green’s 
functions themselves. Let us consider the following example. 



(2.16) 


The Green’s functions are given as vacuum expectation values of time-ordered 
operator products. Applying the transformations (EH to each of the helds, we 

^It now becomes clear, why there was no need to introduce a source for sc“ in the definition 
of the generating functionals. Our gauge fixing functional is linear in the gluon 


field, and after integration by parts the existing current can be used. On the other hand. 


the first two transformations in (EH are clearly quadratic in fields. 

^Note that a full renormalizability proof for 4D Yang-Mills theories [89,90] is based on (12.1511 
and the equation of motion for the antighosts. 
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arrive at the following expression. 


jlrAO\TAl(x)Al(y)A%m - &l(0\Te‘(x)ff(y)A%m 

- dl{0\TT“{x)Al{v)c^(zm + gf^{a\Tg‘{x)c'‘{v)Al(y)A‘‘^(z)\0) 

+ gf^{0\Tf(x)AUy)c-‘(z)A‘(z)\0) = 0 

Note that the last two terms are bilinear in fields at the same space-time point, 
y and ^ respectively. These terms do not have one-particle poles for external 
legs attached to these points, and hence do not contribute on-shell. Fourier 
transforming (ITT7I) and hxing the gauge, .^ = 1, we derive a particular on-shell 
ST identity in momentum space. In graphical notation the identity has got the 
form below, where the shaded circles stand for all-order IPI Green’s functions. 


pH 




(2.18) 


Let us state two further examples in order to illustrate the technique [91]. The 
BRS invariance of the following two Green’s functions gives rise to the (not nec¬ 
essarily on-shell) ST identities below"^. 


s{Q\TC{x)dlAl{ym = Q 




— P H '\/\/\/\/' 


a 


bu 


a /i 


h V 


(2.19) 


s (OITl?)!) 3;A\(y) a;4(z) ZAtiwm = 0 


a // 


cp 


k^xPuqpT^ 



0 


( 2 . 20 ) 


_ b u da 

■^Particular care has to be taken, when space-time derivatives and time-ordering (i.e. space- 
time step-functions) are interchanged. In some cases, this interchange results in important 
Schwinger terms, as for example on the RHS of (imi . 
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As we will see in the next sections, it is the 5D analog of these ST identities that 
lie at the heart of our proof of the GET for 5D orbifold theories. 

2.2 Compactified 5D Yang-Mills theories 

We now move on to 5D Yang-Mills theories compactified on an S'^/Z 2 orbifold. 
Here and in the following, Lorentz indices in Eve dimensions will be denoted by 
capital Roman letters, while Greek letters are used for the four uncompactihed 
dimensions. For space-time coordinates we use the notation = y), 

where y G {—ttR, ttR] stands for the extra dimension and R for the compactihca- 
tion radius. 

The orbifold Z 2 symmetry, y ~ —y, breaks Lorentz invariance of the compact 
dimension, i.e. momentum is not conserved at the fixed points of the orbifold 
symmetry, y = D and y = tiR. It is hence no surprise, that we find UV divergent 
operators at the orbifold fixed points when calculating quantum corrections [86]. 
For a consistent theory it is therefore necessary to include localized counter-terms, 
the so-called brane kinetic terms (BKT), in the tree-level Lagrangian in order to 
absorb these infinities. 

We will restrict ourselves to a single BKT at y = 0. Our entire discussion 
carries over to the general case of two BKTs at y = 0 and y = nR, but in this 
case we would have to deal with more complicated analytic expressions. The 
Lagrangian we are working with reads 

77^DYM{x.,y) =—-^\l + rc5{y)^^ + C^DQ-p + , ( 2 . 21 ) 

where Fmw = dM^'N — dNA%^ + g^f°-^^A\^A% is the field-strength tensor of the 5D 
gluon A\j. The positive dimensionful coupling Tc of the BKT is a free parameter 
of the theory, ultimately to be fixed by a UV completion of our held theory. 
The terms £50 gf and £50 fp are the 5D gauge-fixing and ghost term and will be 
discussed in detail later on. 

We would like to include a massless gluon in the effective theory and choose 
the following parities for the components of the 5D gluon field 


y) = AIj{x, y + 2tiR) 

Al{x,y)=Al{x,-y) ( 2 . 22 ) 

= -Al{x,-y) 


We can now expand the components in terms of two complete sets of orthonormal 
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functions, the even fniy) and the odd gn{y)- 


y) = Yl fn{y) 

n=0 

oo 

y) = Y^ gn{y) 

n=l 


(2.23) 


Integrating the extra dimension y ont, we end np with an effective 4D theory. 
The coefficients and are the so-called Kalnza-Klein (KK) modes. By 
demanding each of the KK modes to be a mass eigenstate of the effective theory, 
we can nniqnely determine the analytic form of fn and gn- In the case of vanishing 
BKT, Vc 0, we recover the standard Fonrier expansion, with fn{y) and gn{y) 
eqnal to cos{ny/R) and sm{ny/R) np to a normalization constant. For Vc ^ 0 
we describe the details of the derivation in Appendix El Here we only state the 
resnlt. 


fn{y) 


gn{y) 


N„. 


X 


N^ 


VttR cos rUnT^R 


X < suminiy — ttR) for 


0 


N^'^ = 1 + fc + TT^R'^rlml 


R) 

■R) 

for — tiR <y <D 
for 0 < 1 / < nR 

(2.24) 

for 

— ttR < y < 0 


for 

0 < y < 7 iR 

(2.25) 

for 

y = 0 


A = 

'f'c 

> 0 

2ttR 

(2.26) 


The same relations that we are familiar with from sine and cosine still hold for 
the fn and gn- 


^^ngn 

d^gn TTT'nfn 


(2.27) 


The mass of the KK gange bosons is given by the transcendental eqnation 
below. It can be solved nnmerically, as illustrated in Fig. 2.1. 

—— tan (2.28) 

The presence of the BKT decreases the masses slightly, and we hnd the spectrnm 
to vary in the limits (n — 1/2)/i? < < n/R for cx) > Tc > 0 and n 7 ^ 0. For 

vanishing BKT we recover the familiar eqni-spaced KK tower n/R. Using the 
techniqne developed in Appendix o it is easy to derive the Feynman rules for 
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the effective 4D theory. They are listed in Appendix 1X1 



-1/R 0 1/R 2/R 


Figure 2.1: Mass spectrum of the effective 4D the¬ 
ory for one ()2.28j) and two ()B.24fl BKT in the 5D La- 
grangian. 


The orbifold symmetry acts only on space-time and leaves the invariance of 
the classical part of Lagrangian £ 5 dym under 5D gauge transformations totally 
unaffected. 


6AI, = Dt ) 9’^ (2.29) 

As previously done for the components of the 5D gauge field, we can expand the 
gauge parameter 6°‘{x, y) in terms of orthonormal functions®. 

OO 

e‘(x,y) = J2<>U^)Uy) (2.30) 

72=0 

^In order for to be consistent, an even implies 0“ to be even and hence to be 

odd. Demanding a massless gluon in the effective theory fixes therefore the parities in 
uniquely. 
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After integration over the compact dimension y, we find the effective gauge trans¬ 
formation for the KK modes, 




- s/“‘' E ^ 


1 ^ri ,0 ^m,0 ^1,0 


^(m) 


m ,/=0 


E -4(05 Eta. 


m=0, 1=1 


(2.31) 


where we introduced the dimensionless coupling constant g = g^/\/2 ttR. Expres¬ 
sions for Nk^i^n and A,k^i^n can be found in Appendix O In the limit Tc 0, we 
hnd Nk^i^n Sk,i,n, ^k,i,n “^ and the above transformations reduce to the 

ones familiar from [9]. The coefficients 5k,i,n and 5k,i,n are simple combinations of 
Kronecker deltas, cf. (inini), deni and (I(hl9|l . which dehne selection rules for 
couplings in theories without BKT. With the help of the effective transformations 
(ESH), we could in principle follow the technique discussed in last section and de¬ 
rive the Ward identities of the 4D theory. This derivation is complicated by the 
fact that we now have to deal with an inhnite set of coupled transformations 
instead of simply (El- 

Instead of restricting our discussion to the 4D theory, let us dehne what we 
mean by functional differentiation on S'^/Z 2 . 


5Al{x2,y2) 

5Al{xi,yi) 

^A\{x2,y2) 


V ^ab 

- 2 / 2 ; ^c) +^( 2 / 1 + 2 / 2 ; r^)] - X 2 ) 

^ab 

[Kyi-y2]rc) -6{yi + y2] rj] - X 2 ) 


(2.32) 


Notice that both LHS, by dehnition (I2.22j) , and RHS of (I2.32j] are even/odd in yi 
and y 2 . The delta function 5{y] Tc) depends explicitly on the expansion on 12,21 
and is given by the completeness of our set of orthonormal functions (IB.19f) . Now 
we can simply repeat our arguments of the previous section. The invariance of the 
classical part of Lagrangian £50 ym under gauge transformations (I2.29|l implies 
the invariance of the tree-level effective action r[A^] = —1/4 J (Rx J dy [1 + 
rcd{y)]F^^F°‘ 1 which in turn gives rise to a master Ward identity for 5D 

Yang-Mills theories. 


d, 


’M 






J)Ab ^ M 


(2.33) 


Using the decomposition of the components of the functional derivative 6/6A1^ 
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in terms of the orthonormal functions fn and gn, 


6AHx,y) 


6A^{x, y) 




n=0 

oo 


(5A 




6 


(2.34) 


n=l 




and dually integrating over the compact dimension, we derive a master Ward 
identity for the effective 4D theory. 


5r 

Oiji^ — + m. 


1 ^ m ,0 ^ 1,0 


^6Af , 

{n)^i 


(n)5 


X 


s/-*' 5^ V2 

(2.35) 


(m)ii 


(m)5 


Standard functional differentiation with respect to the KK modes, cf. detailed 
discussion below (ESI), yields dve distinct Ward identities that relate the funda¬ 
mental interactions of the theory. Gauge and scalar KK modes will be represented 
by wavy and dashed lines respectively, see Feynman rules in Appendix ^ The 
last two of the identities below involve an indnite summation and can be explicitly 
checked using the relations derived in Appendix iDl 



(2.36) 
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a {T 



j=0 






X 


(fc) r , 

'\/\/\ri 

U) k+p q 




(k) r , 

/ 


+ ^k,n,jf 


ade e 



(2.40) 


Let us now turn to the quantization of our theory and discuss the last two terms 
appearing in Lagrangian (EUD- We have got two options: We can either £x our 
gauge before or after compactihcation. In the second case we would have to add 
the two terms E 4 DGF(a;) and E4 dfp(3 ^) to the 4D effective Lagrangian that we 
get after integration over the compact dimension. Since we would like to see all 
vector-scalar mixing terms cancelled, cf. (jS2I), we expect each of the above terms 
to consist of an inhnite number of contributions. 

Instead we opt to approach the problem from the hve-dimensional point of 
view; a strategy that paid off in the derivation of the Ward identities. As already 
adopted in [9], we will work in the framework of generalized R^ gauges® and 
choose the following gauge-fixing functional. 

FlAl,] = 3“a; - ( dat (2.41) 

We take care of the localized terms in our Lagrangian by multiplying the gauge- 
hxing and Faddeev-Popov terms by a factor [1 -|- rc6{y)]. It is the same factor 
that appears in the classical part of Lagrangian 

®The naive generalization of the gauges to five dimensions, F[A1^] = — dsdg, is 

modified in order to ensure the cancellation of the vector-scalar mixing. The analogous gauge 
is widely used in spontaneously broken gauge theories [92], where would-be Goldstone bosons 
play the role of the scalar KK modes in our theory. 
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^5BGF{x,y) = - [l + rc5(|/)] ^ 

= -[l + NS{y)]^{d>^A;-^d,Aty 


(2.42) 


>C5DFp(a:, y)= [1 + rc6{y)] c“ c'’ 

= [1 + r^y)] c“ - ^dl) - g.r'^'^id^A; - ^d,Al)] c’’ 


(2.43) 


It is straightforward to check that any mixing between gauge and scalar sector 
or between different KK modes is absent in the quantized Lagrangian. After 
compactihcation, and (imui lead to an effective 4D theory in which each 

of the KK modes is quantized in a conventional R^ gauge. 

Due to the common factor, the complete Lagrangian is invariant under 

standard 5D BRS transformations. 



(2.44) 




The ghosts c“(x, ?/) and c°‘{x,y) are even helds in y, which follows from the con¬ 
sistency of the above transformations. After integration over the compact dimen¬ 
sion, we hnd the effective BRS transformations of the KK modes. 


OO 





m ,/=0 


CO 



m ,/=0 


(2.45) 



m,l=0 



After successful quantization, we proceed with our program and derive the ST 
identities of the effective 4D theory. We will follow closely our discussion of the 
previous section. The dehnition of the generating functionals generalizes in an 
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obvious way. 


/ r rirR 

DADcDc exp i d^x < 
L J J-nR 


dy C 


-5DYM 


+ [1 + r,5(|/)] [r^A% + DC + + K^^sA% + M“sc“] 


(2.46) 


The response of the generating functional Z to inhnitesimal BRS transforma¬ 
tions (imi gives rise to a master ST identity in five dimensions, which in turn 
translates into a master equation for the connected Green’s functions of the KK 
modes. 


T 


a 


sz 


T 


a 5 






SZ 

Jj^ 


= 0 


(2.47) 


OO 


E 

n=0 


j: 


at^ I ja5 

G) SK°'^ SK°’^ 


-D 


qn) 


(n) 

7^{n)0 


SZ 


0 


(2.48) 


After defining the 5D generating functional T and integrating over the extra di¬ 
mension, we derive a master ST identity for IPI Green’s functions in the effective 
4D theory. 




r[A^,c“, c“, M“] = D\ D\ 

- jd^^j dy[l + rJ{y)]{r^Al, + D\'^ + CD'^) 


(2.49) 


OO 


E 

n=0 


■ ST (fr 

MU, 


5r 


5r (5r 


dcU dMfn) 


1 ST 


^Sd 


(n) 




ST 


Sd, 


(n) 


4“ 

^(n)5 


0 


(2.50) 


Functional differentiation of (j2.48j) and (j2.5(H) will generate specific ST identities. 
But again, it proves to be more practical to start off from the BRS invariance of 
the Green’s functions themselves. Gonsider the following example. 




(2.51) 
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The action of the BRS operator s on the KK modes is given by Remember 

that terms bilinear in helds do not contribute to on-shell ST identities. The 
derivation is therefore simple indeed, and the final ST identity can be graphically 
represented as below. We will omit KK numbers and momenta on the RHS, 
since they are identical in all graphs. Dotted lines will stand for KK ghosts of 
the theory. 



In the next chapter, we are going to make use of this identity in our proof of 
the GET. For the particular example that we would like to discuss, we will need 
one further on-shell ST identity. It originates from the BRS invariance of the 
following Green’s function. 


S (0|Tc^n)(a;) ^(n)5(^) ^(n)p(«) = 0 (2.53) 
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Note that ST identities of this kind are familiar from spontaneously broken gauge 
theories in four dimensions. In these theories would-be Goldstone bosons replace 
our scalar modes The similarities between compactihed 5D gauge theories 

and spontaneously broken 4D theories go even further, as we will see in the next 
chapter. 



Chapter 3 

Generalized Equivalence 
Theorem 


In the high energy limit of a spontaneously broken gauge theory, a scattering 
amplitude with longitudinally polarized massive vector bosons in the initial/hnal 
state is up to a phase equal to an amplitude in which the bosons are replaced 
by the corresponding unphysical would-be Goldstone modes. This relation is 
famously known as equivalence theorem (ET) [93, 94] and is an important tool 
for the perturbative calculation of high energy scattering processes. 

When discussing quantization schemes and ST identities in the last chapter, 
we already noticed the parallels between spontaneously broken theories and com- 
pactihed orbifold theories. As will show here, the ET does also hold for orbifold 
theories with BKT^. To be explicit, the ET states that 

T\ A°‘^ qafc C , A>>1 Ah 0/1 _ 

ci- .... S ^ .... S'] + O(^) . * ' 

where are longitudinally polarized KK vector bosons, their associ¬ 

ated scalar modes and S', S' any spectators in the initial/hnal state that do not 
include longitudinal polarizations. is a typical mass of the scattering particles 
and E ^/s the centre of mass energy of the scattering process. In addition to 
the aforementioned phase, (—*)^ there appears a factor C, which in general 
is renormalization scheme dependant [95,95,96]. However, C* = 1 at tree-level 
and in certain renormalization schemes that respect the Ward identities of the 
classical action [97,98]. 

The ET makes only statements about the order of the scattering amplitudes. 
In fact, we can be far more precise and specify the energetically suppressed terms 
in the above relation. This complete relation extends the ET and is known as 
the generalized equivalence theorem (GET) [99,100]. In order to describe the 


^In [11] the ET was checked for particular processes in orbifold theories without BKT. 
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GET, we will need one further fact: At high energies a longitudinal polarization 
vector is dominated by a component parallel to its momentum. The remainder 
a^{k) rsj 0{mn/E) is energetically suppressed. 

el{k) = — + a>^{k) (3.2) 

Tfln 

Consider a scattering process with a certain number of longitudinal vector bosons 
in the initial/hnal state. The following set of rules will generate the GET, i.e. 
the complete RHS of (13.Ij) : 

(i) Write down the sum of all amplitudes that result from replacing any number 
of longitudinal vector bosons by the respective KK scalar modes (would-be 
Goldstone bosons). 

(ii) In most of the amplitudes some longitudinal bosons will remain. Replace 
their polarization vector by the remainder a^. 

(iii) Multiply each of the amplitudes by a phase {—i)\ where k and I are the 
number of initial (hnal) KK scalar modes (would-be Goldstone bosons) of 
the particular amplitude. 

As an example, let us consider the scattering of two transverse KK gauge bosons 
into two longitudinal KK gauge bosons. The GET for the process reads 

[^(n)r^(n)r ^ ^{n)L^{n)L\ ~ 

~'^[-^(n)T^\n)T ^(n)5^pi)5] “ *^[^pi)T^(n)T ^(n)5®pi)] ( 3 - 3 ) 

In the above amplitudes, stands for a vector boson whose polarization 

vector was replaced by a^. Since each of the remainders is energetically 
suppressed, the ET follows: 

771 

7[A'^n)T^\n)T ^in)L^tn)L\ = ~^[^“n)T^(n)T ^ ^(n)5^Pi)5] + ' (3-4) 

The proof of the GET ()3.3|1 relies on the two on-shell ST identities and 

Let and 61^2 be the transverse and longitudinal polarization vectors 
respectively. In a hrst step, let us rewrite ei = —-|- ai and apply 
to the hrst term of the amplitude. Note that ki hows into the vertex. In the 
notation of this chapter, labels assigned to the endpoints of graphs do not stand 
for Lorentz indices but for four-vectors the amplitudes are contracted with. 
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Note that amplitudes with external ghosts are absent, since e 2 ■ k 2 = ea ■ Pi = 
Cfo ■ P 2 = 0. In the following step, we split the second polarization vector €2 = 
-k2/mn + 02 - 



After applying and to the third and first term respectively, two 

contributions with external ghosts remain. 




ai 


ai 





(3.7) 
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Since ai ■ ki = rUn, the second and the hfth term cancel. What we are left with 
is the RHS of ()3.3j) in diagrammatic form. 



Using the same arguments and an extended set of ST identities, one can prove 
the GET for any other process. We can now understand the structure of the 
GET: Amplitudes without any external scalars result merely from the splitting 
of the polarization vectors and remain unchanged, cf. the last terms in (USD and 
dsini). Any external scalar results from the application of an ST identity and the 
amplitudes aquire a factor i, cf. hrst terms in (I2.52|l and (I2.54|l . In the case of 
hnal state scalars, the momentum in O is understood to flow out of the vertices 
and the amplitudes aquire therefore an additional sign. The phases mentioned in 
point (iii) at the beginning of this chapter are now evident. 

Ghecking the GET order by order is of course possible, but even a tree-level 
calculation using the Ward identities to (irmi) turns out to be tedious 

indeed. A tree-level check of the ET on the other hand is feasible and will be 
instructive. Unlike in orbifold theories without localized terms, the KK number 
in the fundamental interactions of BKT orbifold theories is not conserved. For 
that reason, already at lowest order there is an inhnite number of diagrams con¬ 
tributing to any given process. Only subtle cancellations among them ensure the 
ET to hold. Let us have a look at a specihc example, the elastic scattering of two 
longitudinally polarized gauge bosons, ^\n)L ^ 0)1 which the 

ET^ reads as follows. 



The kinematics is particular simple, since all external particles are of the same 
mass rUn- The cosine of the centre of mass system scattering angle will be denoted 


^The complete GET involves 16 terms, instead of the four terms of example (lOl . 
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by c = cos^. 


s = (pi +P2f 

t = {pi + kif = -{l-c)^ ( 39 ) 

u= {pi + k 2 Y = -(1 + c)^ 


" (3.10) 

The tree-level amplitude for the gauge bosou scatteriug is giveu by au iufiuite set 
of Feyumau diagrams. Each of them is straightforward to calculate. 




= iT4 + J2iipi> + Ti)+-a'u}] 

j=0 

= m + iT^ + iT^ + iT^ 


iTi = A 


^9 


2 r 


nm g . 


11 f 

fabefcde^^t - u) + ^ - -) + f^^u{s - -) 


(^1 0 A 2 ■ ^2 pabe pcde^^^ 




n,n j 




^2 race rhde 


ff 2 , = 2 -‘«AL,iisV“*/ 


n,n,j 


Smi 
u — s 
2t 

[t — s 
2u 


1 + 
1 + 

1 + 


2ml 

s 

t 


s — m 


3 


u 


2 t — 2u 

+ 


2 ^ u-2t 
2 m 


t — rrij 


(3.12) 




u 


u — m- 


We are uot iuterested iu a complete expressiou for (IXTTH . but do ouly ueed the 
leadiug order for the ET. Our calculatiou is much simplified if we expaud factors 
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that appear in (13.121) up to order 


s 

s — m'j 
t 

t — mj 
u 

u — m'j 



^ .21 8m2 1 4 

^ — — c ^ (1 — c)^ 

^ .21 8m2 1. 2 4 

M + cs^ l + ^ (l + c)2 



(3.13) 


and split each of the contributions accordingly, 


iS,t,U 

U) 


rriS^t^U rriS^t^U rjiS^t^U 

^(i)i +^ 0)11 + ^ 0)111 


,mC 

+ ^ — 

^ s ' 


(3.14) 


The masses rrij now appear as simple multiplicative factors, and we can use 
relations derived in Appendix O in order to sum over the inhnite KK tower. 


ace.Me/(c+3)(c- 1) ^ I- C 


jace jbde ^ 


32mt 




raderbcef i^ ~ 3 )(c + 1 ) ^2 , ^ + 1 

J J \ QO.vno4 A^2 


32m4 


4m^ 


J2^Tl^)l = ^n,n,n,nt9^r’^J 

j=0 

OO 

J2^T[j)ll = ^n,n,n,D9"r^J 


C n 3c 
-e"* -I- 

8mi 2 J 


+ oC^) 

^ s ^ 


i=i 


6ml 


+ 0 (^) 


+ jA'„), 9V“‘'/”''( - f) + C>(^) 

i=i 


(3.16) 
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j=0 


bde 


X 


32m4 

CO 

E -rrit A • 2 race rhde 

^n,n,n,n'^9 J J 


(3 + c)(l —c) 2 c 2c^ + c + 1 
--s + 


i=i 


m2 2(1 - c) . 

3 + c — 6c — 3 
rs + 


+ 0 (^) 

^ s ^ 


12m2 3(1 - c) 


+ 0 (^) 


(3.17) 




i=i 


3(1-c) 




(3.18) 


Replacing c by —c in 113.17II . we find the u-channel sums X(^oi^O')i ii iir 
lecting all of the contributions, (jsinD to dsizi), we find s^-contributions in s-, t- 
and u-channel to cancel against terms in iT 4 . Terms linear in s are identical for 
each colour factor and vanish due to the Jacobi identity. The leading contribution 
is therefore of 0{T). 


m + iT" + iT^ + iT^ 


c^ + 3 
2 (c-l) 


ade Jibce 


+ r^f 


C+ 3 
2 (c+l) 


+ o(^) 

^ s ' 


(3.19) 


Let us now check that the RHS of (EHl) agrees with this result and calculate the 
amplitude for the elastic scattering of two scalar KK modes. 


C)V2 ^ 

/ 

/ 


Opi ✓ ^ 

Wpi 

/ 

/ 

(n)fci 

✓ \ 

\ (j) y CAi 

- >'\./^v/\/x 

j=0 {n)p 2 

{n)k2 ^ ^ 

/ 

/ 

(n)k2 


(DO 

= E + T) 

j=0 

+ 


= iT^ + iT* + 



+ 


(3.20) 
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In this case, no qnartic coupling contributes. Using the Feynman rules of Ap¬ 
pendix ^ S-, t- and u-channel exchanges lead to the following contributions. 




2 rate rede 


u — t 


(i) 


nj,n 


2(s - m]) 


,TL = 


2 race rdbe 


S — U 


■U) 


n,j^n 




^2 rade rbee 


2{t - m'j) 
t — s 
2{u — nP) 


(3.21) 


As done in (EH, we expand factors in (Cnui that originate from the propagators. 
Using (ID.bjl . we sum the leading orders and hnd iT^ -|- iT^ -|- iT^ to be identical 
to ()3.1hj) . The ET ()3.8|1 is therefore verihed. In the limit of vanishing Vc, we hnd 
An,n,n,n —^ 3 and —>■ 0, and recover the results for 5D orbifold theories without 
BKT in [11]. As said earlier, our calculation of the leading order of (13.201) relies 
only on the leading part of factors such as 


= 1 + 


m. 


m. 


m- 


(3.22) 


We will conclude the calculations of this chapter by checking that the infinite 
sum of subleading contributions is itself subleading and does not contribute to 
our result dSUl). We modify the relevant sum in ()D.6f) by a factor m|/(s — m|) 
and hnd 


^2“'^^’° A, 




3=0 


n,3,n ^ _ ^2 


A 


n,n,n,n 


s — 4m^ 


+ 

+ 


32n^R'^mlr^Nt ( 1 — Tr'^R^rnir'l 


mz 


4m? 


+ 


ml 




STT^R^mlf^^N^ 


4my- + 


(s — 4m2)2 


(3.23) 


The hrst two terms are obviously 0{rn^/s). The third term has got poles at 
^/s = ruj and so a smooth high energy limit is not well dehned. Taking the limit 
in a discrete manner, s/s = {m+1/A)/R with m —> cxd, the third term approaches 
the negative of the fourth term. Consequently, all 0{T) terms cancel and (I3.23j) 
does contribute only subleading terms. 






















Chapter 4 

High-Energy Unitarity Bounds 


Higher-dimensional Yang-Mills theories have got couplings of negative mass di¬ 
mension, in our case [g^] = —1/2, and are therefore non-renormalizable. They 
can only be considered as effective theories and only be trusted up to a certain 
energy scale. There is a limit beyond which physics of a UV complete theory 
must become relevant. In this chapter, we determine an upper bound on this 
limit by demanding perturbative unitarity of the 4D theory. Beyond this bound, 
one of the following three scenarios will be correct: (i) the 4D theory becomes 
strongly coupled, (ii) new physics sets in, or (iii) both [101]. An upper limit on 
the energy translates naturally into a limit on the number of KK modes that can 
be produced in scattering processes. 

There are different ways how unitarity of the scattering matrix can manifest 
itself in a theory. On one hand, there is the discussion of Martin and Frois¬ 
sart [102,103], who derive bounds on the total cross-section. Total cross-sections 
can rise asymptotically not faster than a logarithm of the energy; a fact that we 
hnd conhrmed in our calculations (EH. On the other hand, it is also possible 
to derive strong limits on the partial wave amplitudes of a scattering process. 
From a naive dimensional analysis, we hnd the s-wave amplitude oq of a two body 
scattering process to increase linearly with rising energy. 


N^gl ^/s . (4.1) 

As we will discuss in greater detail below, at hrst approximation perturbative 
unitarity demands Oq < 1. One therefore hnds an upper bound Nq on the number 
of KK modes [11], 


Ao < ^ 
R ~ N,gl ’ 


( 4 . 2 ) 


that depends on the higher-dimensional gauge coupling g^^ the number of colours 
Nc and the compactihcation radius R. A more careful discussion will ultimately 
allow us to make statements about the rc-dependence of the bound Nq as well. 
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Let us start with the standard optical theorem for transitions |i) —>■ |/), 

2Imr,i = Y^Tf,T;„ (4.3) 

j 

where the sum is understood to include phase-space integrations for each of the 
individual particles in \j). We expand the transition amplitudes in terms of 
Legendre polynomials Pi{c), 


T{s,c) 


ao 


Idvr + i)a(c)oi(i') 

/=o 


1 



(4.4) 


where ai{s) are the partial waves and c = cos 6 the cosine of the scattering 
angle. Substituting (D into the optical theorem, we hnd relations for the partial 
waves [104]. For the s-wave in particular, it reads 


Im[ao]/i = (Tj [aolfj [ao]*i . (4.5) 

j 

The factor aj takes care of the phase-space of state \j). For two-particle states it 
has got the simple form 


aj = X(s,m‘^,m‘i)/s 

' , _ (4.6) 

X{x,y,z) = + y‘^z‘^ — 2{xy + yz + zx) . 

Absorbing the phase-space factor into the s-waves, we can rewrite (Ii3D as a 
matrix equation. 


Imao = aoao (4.8) 

Since ho is symmetric, it satishes hoaQ = (Reao)^-I- (Imho)^. We realize that both 
sides of ra can be diagonalized simultaneously. In general, that would have 
been impossible in equation (1131). Let {tti} be the set of eigenvalues of oq and 
ttmax = maxjcKj} the largest of them. Combining Imaj < \ai\ and (ESI), we hnd 
bounds on the eigenvalues, from which the strongest one reads 

kmaxl < 1 • (4.9) 
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The method described above is known as Conpled Channel Analysis (CCA)^. In 
evaluating a^ax, we do not merely study one isolated scattering process, but the 
entirety of all channels that are available at a certain energy ^/s. In our case, Oq 
and therefore Omax are functions of the energy. Inequality (USD can provide us 
therefore with an upper KK mode bound of the effective theory, which is the aim 
of this chapter. 

For a perfect CCA of our model, we would have to consider all scattering 
processes ^ ^ —»• ^ ■ A^^^ ^ with all possible combinations of 

colour, polarization and KK modes. By restricting ourselves to a subset of these 
processes, we get a weaker but still correct bound from (gH). In what follows, 
we will limit our analysis to inelastic 2^2 scattering processes of longitudinal 
gauge bosons, 4Y^n)L^1n)L ^\m)L^\m)L with n ^ m < No and centre of mass 

energy s = 4m%^. Applying the ET, i.e. replacing the longitudinal gauge bosons 
by the corresponding scalar modes, will simplify our calculations further. For 
n,m K, No, the energy is comparable to the combined masses of the scattering 
particles. The use of the ET is nevertheless justihed, since these channels are 
heavily phase-space suppressed. 

There is an infinite number of tree-level diagrams contributing to the scalar 
scattering process A“„) 5 A^„) 5 ^ 


\ 

S 


(n) p 2 

/ 

/ 



CXD 


E 


(Dpi 


/ 

/ 


(i) , 

{Dpi/ ^ ^ 

/ (m)fc2^ 

/ \ 


CO 


j=o 

= -F iT^ -F 


(4.10) 


S 2 2 ^ rt 

^ = ~2 

U = ~+ml + ml^-^Sn,rn (^-H) 

Sn,m = \/(s - 4m2)(s - 4m^) 

The kinematics generalizes the relations (EH) with = Sn,n/s and c = cos 6*. 

^Historically, relation (Oil first appears in [93]. There it was used in the high energy limit, 
i.e. (Tj = 1 and do = oq, in order to derive an upper Higgs mass bound within the Standard 
Model. In our case, it is exactly a limit on the energy that we would like to determine, and the 
influence of the phase-space can no longer be neglected. 
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The calculation of the Feynman diagrams is again straightforward. 




2 j^abe £cde 


u — t 


2(s - rUj) 


■rpt _ r)-<5i.o A 2 -2 race fdbe ^ 

U) - ^ ^9 1 J 2(t - m^) 




^2 £ade rbce 


t — S 


2{u — rrP) 


(4.12) 


As an aside, let us calculate the leading order of the amplitude. Using the sum 
dnii), we hnd it to generalize our earlier result (ixrm . 


■rj,S ^ ■rj.t ^ ■rj.U ^ 


ace rdbe 


(A 4~Y f 


ade rbce 


2(c-l) 


+ r^f 


G+ 3 


2(c + 1) 


+ oC^) 

s 


(4.13) 


With the help of the sum (ID. 811 . a further generalization to scattering processes 
of arbitrary KK modes, A^^^gA^^^g, is obvious. Returning to the 

complete expressions duni), we now sum/average over hnal/initial colours and 
project out the s-waves^. As the energy increases, the individual contributions 
diverge logarithmically. 


[®o]nm (j) — 


327r 


'-1 


dc [Tf,) + + ^)] 


9 X 9 
- —^A^ . 2 

327r 


-<5 


'j.o 


2(s - m2 - m^) + m2 
1 H- 




n,m 


X In 


s + 2(m2 - m2 - m^) - S„ 


lim [cio]nm (j) 


9 Nc r o 
- —^A2 . 2 

327r 


s + 2(m2 - m2 - m^) + Sn,r. 

s 


3 

-h',0 


- 1 + 2 In 


m^J 


(4,14) 


(4.15) 


Summing over the complete KK tower, we find the elements of the partial wave 
matrix oq. In the limit of vanishing Tc, the terms j = m + n and j = |n — m| 
dominate the sum (ITOll and we recover the result in [11]. 

^Note that zero mode exchange, j = 0, contributes only to elastic scattering processes, see 
and (ICdl . In that case, ^ 1/(1 ~ A and ^ 1/(1 + c), and the s-wave exhibits 
the same IR singularities that are familiar from standard QED. In our analysis, we will ignore 
these diagonal elements and set [oojnn = 0. 
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[«o] 


nm 


lim [ao]nm 

S —> 00 *- ■' 

Tc^O 


y~~^[Qo]nm (j) 

j=0 


327 r 


- 1 + 2 In 


tR/R^ - nRjRR 


(4.16) 

(4.17) 


For non-vanishing BKT, summing the contributions [ao]nm{j) analytically is chal¬ 
lenging and we decide to perform the sum numerically. In a final step, we absorb 
the phase-space factor and determine the largest eigenvalue Omax of the modified 
s-wave matrix oq numerically. 


[ao] 


nm 



[flo] 


nm 


(4.18) 


The {Nq -|- 1) X (iVo -|-1) matrix oq is evaluated at centre of mass energy s = 4m|rp- 
R~^ dehnes our fundamental scale (i? = 1 in the hgures below). The maximum 
eigenvalue of the matrix depends therefore on three parameters, ttmax (-^05 g‘^Nc). 
Varying two of them, fc and g‘^Nc, condition (EH) provides us with an upper 
bound Nfj on the KK modes. The contour plot in Fig. 4.1 summarizes our nu¬ 
merical results. 

We hnd the bound No to relax as the coupling g'^Nc decreases, which conhrms 
our earlier estimate (jOl). For a theory without BKTs, Vc = 0, our bound is by 
about a factor of two weaker than the one derived in [11,12]. That is a direct 
consequence of the phase-space corrections, that were not included in the earlier 
analysis. The unitarity bound relaxes as the BKT coupling fc increases. The 
overall hc-dependence of the bound is weak and decreases further as the coupling 
g'^Nc falls off. This weak dependence is expected, since high energy unitarity 
probes distances much smaller than the compactihcation radius R. At short 
distances the size of a coupling at some fixed point in space becomes insignificant. 


We have seen that in orbifold theories without BKT the KK number is conserved. 
Let us consider the decay of a massive KK mode in these theories. The total mass 
of the decay products will exactly equal the mass of the decaying particle, e.g. 
n/R = k/R + l/R. Consequently, there is no phase-space left for the process and 
massive KK modes turn out to be stable. 

The situation changes drastically once we allow for BKTs [87,105]. No pro¬ 
cesses are a priori forbidden, and due to the distorted spectrum the phase-space 
never vanishes identically. Let F„ be the decay width of a KK gauge boson 
A^n)fi of mass m„. We might expect F„ to increase dramatically with rising BKT 
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Figure 4.1; Contours of Nq in the (fc, g'^Nc) plane, e.g. in the region between 
lines No = 28 and No = 29 the largest available KK mode is 28. 


coupling Tc- In that case, the sensible constraint^ 


Y < (4.19) 

might provide us with an alternative upper KK mode bound for our effective 
theory. A lowest-order calculation is straightforward. Only two-body decays 
^(fc) u^{i) p wifh k + l <n contribute. The total decay width r„ is simply 
the sum of all partial widths. 


r„ = 


E 

k^l=0 

k-\-l<n 


\{m. 




Ibvrm^ 




(4.20) 


^As the CCA, this is an idea that we copy from an earlier Higgs mass bound derivation [106]. 
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We sum/average the squared amplitudes T(^n,k,i) over final/initial colours and po¬ 
larizations, and finally find 


|2 _ 5 ' -^ c ^2 d 2~3 


• {n,k,l) \ 


X 


'K^RNlNnNkNiNn,k,i 

4, 4, 4iin/'2 2i 2 2, 2 2\ 

mn + + rui + 10 + m^rrii + m^) 


( 4 . 21 ) 


Note that A„ ^ ^ does not appear quadratically, since one of the coefficients cancels 
against contributions from the polarization vector sum. Interestingly, decays into 
zero modes do not contribute, although the channels are clearly kinematically 
allowed. Due to ()(hl5f) . amplitudes T(^n,k,o) with 0 < fc < n vanish identically. 
Finally, we perform the finite sum (lonii numerically. 




Figure 4.2: Decay width mass ratio F„/2m„ with re¬ 
spect to BKT coefficient r^. 
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Figure 4.3: Decay width mass ratio r„/2m„ with re¬ 
spect to KK mode n. 


Fig. 4.2 shows a plot of the decay width mass ratio with respect to the BKT 
coefficient he. It conhrms the importance of BKTs for the decays, that we men¬ 
tioned earlier on. In the limit he —0, all KK modes become stable. In Fig. 4.3 
we plot the same ratio with respect to the KK mode number n, i.e. effectively 
the mass ~ n/R. Heavy modes decay comparatively faster than light ones. 
What is important in both plots is that they saturate far from the critical value 
F„/(2m„) = 1. Consequently, constraint (I4.19j] can provide us with no additional 
bound, as we had initially hoped. 













Chapter 5 
Conclusions 


We have studied 5D Yang-Mills theories compactihed on an /'L 2 orbifold with 
kinetic terms localized at the fixed points. These terms, the so-called BKT, are 
strictly necessary in any consistent quantum field theoretic discussion of orbifold 
theories. 

We have presented a novel quantization method for these theories and derived 
powerfnl Ward and Slavnov-Taylor identities. In the process, we have devel¬ 
oped the concept of functional differentiation on orbifolds. Note that we did not 
regnlarize the BKT in any form; no thick branes [107], discretized extra dimen¬ 
sion [108] or e-regularized wave functions [88] have been used. 

We have presented a general all-order proof of the Generalized Eqnivalence 
Theorem. Despite the difficult spectrum, we have succeeded in deriving highly 
non-trivial snm rules, that lie at the heart of the high energy nnitarity cancel¬ 
lations. We developed a novel Conpled Channel Analysis which can be used at 
finite centre-of-mass energies. Onr calculations have shown that limits derived 
from high energy nnitarity are not sensitive to the size of localized terms. On the 
other hand, we have demonstrated the great importance of these terms for the 
decay of the KK modes. 

If extra dimensions exist there are likely to be more than just one, as indicated 
by ADD scenarios and string theory. Many of the applications presented in the 
Introduction make use of two extra space dimensions. The author is currently 
working on a generalization of the concepts presented in this thesis to 6D orb¬ 
ifold theories. The single BKT considered in this study is only the first of a 
whole series of higher-order correction terms. A complete brane renormalization 
discussion [107,109-111] will be more involved. Finally, it will be necessary to 
introdnce fermions [112] in our model. 
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Appendix A 
Feynman rules 


The classical part of the Lagrangian gives rise to the following two-point 

functions for the KK mass eigenstates. 


(n) p 

a fi b V 

^tl^P(n)) = gpu - ml) + 

(A.l) 

(n) p 

a b 

rS(P(n)) = 

(A.2) 

(n) p 

a b 

TfMn)) = 

(A.3) 

Note that ()A.2fl represents a non-vanishing mixing between vector and scalar 
modes. After quantization of the theory by including terms £ 5 dgf and C 5 DFP in 
the Lagrangian, these mixing terms cancel and the two-point functions take on 
the form given below. 

(n) p 

'\/\/\/\/' 

a ^ b u 

^fuiPin)) = [ - 9pu (/ - ml) + (1 - i) PpPu ] 

(A.4) 

(n) p 

a b 

rf5(P(n)) = - (ml) 

(A.5) 

(n) p 

.►- 

rg(P(„)) = -«“‘(p'’ - (ml) 

(A.6) 


a b 


The corresponding propagators for vector, scalar and ghost KK modes read as 
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follows. 


D^Pin)) 

DfMn)) 


mciPin)) 


— rri^ + ie 
+ ie 

p"^ — + ie 


dfiu + (1 “ 0 


P^lPu 

p2 - _ 


(A.7) 

(A.8) 

(A.9) 


Based on the results of AppendixO we can derive the fundamental interactions of 
the KK modes. In the expressions below, we work with the dimensionless coupling 
g = g^/yhiR. The explicit forms of the coefficients Ak^i^n, Ak^i^n, Ak^i,n,m and 
Ak,i,n,m, are given in equations (KhlOjl and (1(1.11(1 . 


a /i 



^fj,upi^{n)i P{m)^ Q{1)) 

(A.10) 

X [PpAk - P)p + 9pp{q - k)^ + gyp{p - q)p\ 


b (1 



^plihn),P{m)M{l)) = Wr^Qpv 

X [niiy/2 An,m,i - mmV2 






(A.ll) 


b 

{m)p 

\ 

)'\/\/\/' a p 

(O'? iAk 


^p55ik{n)iP{m)j ^(1)) 


gf^V2 


-1-5, 


71,0 




(A.12) 
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a fi 


cp 


\ 

(n) k 

y 

r* 

(O'? 

■ 2 a /TT —2—5n,0 —5m,0 —5i,0 —5fc,0 

^n,m,l,kv ^ 

X [/“'"/“‘'( 9 ^ 9 -P - 9„rf.,)+ 

(m) p 

r-T 

(fc) r ' 

1 

/“"/‘*(g^g-p - g„-gp,)+ 

- g„-gp,)] 

biy 


d a 

a p 


c 



(n) k 

/ 

/ 


1 


(0 <? 

r2S(*l(nl.P(™).9(I).7(S)) = 79^V2 ^ 

(m) p 

r^s 


./A ^ r -face £bde 1 ^ade ^bcel 

X ^n,m,l,k 9iiu[J J + J J J 


(fc) r 

N 

\ 


b V 


d 



(A. 13) 


(A. 14) 


a 

( 77 ) k 


A/\/\/' c fj. 

(m) p / (/) g 

b 

a 

( 77 ) 


(777) p / (/) g 

b 






— 1 — <5rj,,0 — ^m,0 — 


A 


n,m,l 




(A,15) 


^£05(^(77)1^(777); Q{i)) 




— 1 —5r,, n —5. 


'n,0 ^m,0 


A 


n,m,l 


(A.I 6 ) 



Appendix B 

Mass eigenmode expansion 


In Section o we discussed in detail the compactification of 5D Yang-Mills theo¬ 
ries with BKT on an orbifold /'£ 2 - In what follows, we will derive the analytic 
form of the complete set of orthonormal functions /„ and Qn that were used in 
expansion of the components of the higher-dimensional gauge held. Our 

discussion in the hrst part of this appendix will be based on an orbifold theory 
with a single BKT at y = 0, as used in the calculations of Chapters El and El 
In a second part we will then focus on a theory with two BKTs, in order to 
demonstrate the full generality of our approach. 

B.l Brane kinetic term at ^ = 0 

We have already seen that in our quantization scheme, the full Lagrangian 
is proportional to a common factor [l-|-rc5(|/)]. One can think of this factor as part 
of the integration measure of the full quantized action and not the Lagrangian 
itself, cf. dehnitions of the generating functionals and (EH- It therefore 

makes sense to demand our set of functions to be orthonormal with respect to 
this measure. 



[l -F rJiy)] fn{y)fm.{y) = Sn,m 


f*7rR 


(B.l) 


dy [l -F rc5{y)] gn{y)gmiy) = 5n,r 


J —ttR 

The Z 2 orbifold symmetry allows for two different parities, and we introduce the 
fn as even and the gn as odd functions in y. Both of them are 27ri?-periodic. 


fn{y) = fn{-y) 
gn{y) = -gn{-y) 


(B.2) 
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Let us now have a closer look at the kinetic part of the 5D Lagrangian 
The last terms in line two and three of (El are the undesirable mixing terms 
that we would like to see cancelled. We come to them in a minute. 


C,BYMix,y) D[l + r,5iy)] - (d,Al - d,A;){d,A^^ - d‘^A'^n 


- ^id,A;)id^A'^n - ^{d.AlWA'^^) + {d,A;WA'^^) (B.3) 

- -\{d,Alf + {d^Al){d,Al) 


After compactihcation, the 4D effective Lagrangian should describe a theory in 
which each individual KK mode is quantized in the conventional gauge. 


CMX) D - 

+ (B.4) 

Given the orthonormality introduced earlier, the functions /„ and Qn must there¬ 
fore satisfy the following simple wave equations. 


[dl + ml]fn{y) = 0 

[dl + ml]gM = 0 ^ ^ 

Instead of comparing the Lagrangians (El and ()B.4fl directly, we can base our 
arguments on the equations of motion derived from them, as done in [113]. The 
hnal wave equations are the same. Note that they hold in the entire interval 
(—vri?, vri?]. The 5(|/)-term in the equivalent equation in [113] stems from the 
particular gauge choice, A'^{x,y) = 0, made there. This choice is of course not 
suitable for a discussion of the GET. 

Let us now return to the mixing terms that appear in (IB.3jl . Integration by 
parts of the hrst term is not problematic, since the helds are understood to vanish 
at 4D inhnity, and we hnd 

£5Dvm(i,») 3 [1 + i-,4(9)] [{a,B‘‘Al)At + (di‘Al)(ck,At)\ . (B.6) 

The helds of the hrst term will be expanded in terms of d^fn and Qn, whereas 
the expansion of the second term will be based on /„ and d^gn instead. The 
functions d^fn and d^gn are odd/even, and have consequently an expansion in 
terms of the gn and /„ respectively. We assume this expansion to be particularly 
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simple, d^fn = ciQn and d^Qn = C 2 fn- The 4D effective theory will be absent of 
any mixing terms, if and only if Ci = —C 2 . Combining this statement with (Ei), 
we arrive at 


d^fniy) = -rringniy) 

d^gniy) = mnfniy) ■ 

The combined constraints (EH), ES, Eli and E21) are sufficient to uniquely 
specify the analytic form of the functions /„ and gn'- Assume fniy) to be a 
solution of wave equation (IB .511 in the interval 0 < ?/ < ttR. It must therefore 
be a linear combination of sine and cosine. The constraints EH and EH) then 
hx the form of fn{y) for negative arguments and the form of gn{y) in the entire 
dehnition interval. This information is reflected in the ansatz below. 


fn{y) = 1 

\ -An sin Ulny + Bn cos rUny 
[ An sin TUny + Bn COS 

for 

for 

— tiR < 2 / < 0 

0 < 2 / < tiR 

(B.8) 

1 

f Bn sin Ulny + An COS 

for 

— ttR < y < 0 


gn{y) = \ 

Bn sin rUny - An cos rUny 

for 

0 < y < ttR 

(B.9) 

\ 

0 

for 

y = 0 or y = nR 



Outside the interval {—iiR, ttR], both functions are 27ri?-periodic by construction. 
We define the derivative of fn{y) and gniy) at a point y as the average of left 
and right derivatives at this point. For both fniy) and gn{y), left and right 
derivatives are identical at every single point, which includes gn{y) at y = 0. The 
only exception is fn{y) a-t y = 0. Left and right derivatives differ in sign, and we 
hnd c?5/n(0) = 0 in accordance with 5'n(0) = 0 . The upshot of this paragraph is 
that both functions and their derivatives are unambiguously dehned on M. 

From the normalization of both functions, i.e. n = m 7^ 0 in (EH, and the 
orthogonality of the fn{y), i-e. n 7 ^ m = 0 in (IB.ljl . we determine the three free 
parameters An, Bn and of our ansatz. 



dy [l + rj{y)]f^ = 1 



dy [l + rc.5{y)\fn = 0 



(B.IO) 


The hnal expression for the complete set of orthonormal functions reads 
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- 71R 0 „ 71R 



- 71R 0 „ 71R 


Figure B.l: Mass eigenstate wave functions fn{y) and gn{y) with 
n = 3 for an orbifold theory with a single BKT at y = 0. 


fn{y) 


Nn 


X 


COS runy + \rnnrc sin m„|/ 

cosruny - ^ranTcSinmny 


for — ttR < y < 0 
for 0 < y < 7 iR 


9n{y) 



sin rUny - ^ninTc cos TJlny 
sin rUny + \mnrc cos rUny 
0 


for — nR < y <t) 
for t) <y < 7 iR 

for y = 0 


(B.ll) 

(B.12) 
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where 


N^^ = 1 + r^P with > 0 (B.13) 

is a normalization constant. The spectrum is defined by the following tran¬ 
scendental equation. 


—— tan (B.14) 

Using it in (IB.11|1 and (IB.12|) . we can rewrite the /„ and gn as shifted sines and 
cosines and arrive at and dOni). As expected, we recover the standard 

Fourier expansion in the limit of vanishing BKTs. 


lim fn{y) 
lim gn{y) 

rc—>0 


1 


cos 


R 


1 ny 

^=sm — 

a/tt/? R 


(B.15) 


When discussing functional differentiation on l %2 in Chapter |21 we came across 

the delta function 6{y]rc). Its defining relation reads 


/ ttR 

dy [1 + rc5{y)] h{y)5{y - y'; rj = h{y') , (B.16) 

■kR 

where we recognise the familiar factor in the integration measure. At y' = 0, 
definition ()B.16|1 is non-trivial only for even test functions h{y). Substituting an 
even expansion for 6{y]rc) as well as h{y) into (IB.lbjl . we can derive an explicit 
form of the delta function. 




n=0 


2^^’°nR cos rrinirR 


(B.17) 


1/rc for y = 0 

0 for — 7iR <y<0 or 0<y< tiR 


In the limit Tc —0, we find the Fourier expansion of the delta function on the 
circle. It is the discrete equivalent of S{x) = f dp/2TT exp(ia;p) on R. 


nmy(!/irj=%) = ^^5^008^ (B.18) 

n=0 

So far, the completeness of our set of orthonormal functions fn and gn has not 
entered our discussion. With the help of ()B.17fl . we are now in the position to 
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check it explicitly. 


S(yi - y 2 ] Tc) = [fn{yi) fn{y 2 ) + gn{yi) gn{y 2 )] (B.19) 

n=0 

B.2 Brane kinetic terms at ^ = 0 and y = ttR 

We include this section in order to demonstrate the flexibility of our approach. It 
can easily accommodate for a second BKT^ at the fixed point y = ttR. All that 
is needed is a replacement of the factors which include the delta functions. 

[l + rc(5(2/)] ^ [l + r^Siy) + rJiy - ttR)] (B.20) 

Our orbifold theory with two BKTs is defined by Lagrangian and quanti¬ 
zation terms and subject to replacements (IB.201) . In what follows, 

we will sketch the derivation of the complete set of functions used for compacti- 
flcation. The new orthonormality conditions read 


ptvR 

l-nR 

pnR 

l-nR 


dy [l rc5{y) + rc5{y - T^R)\fk{y)fi{y) = 3k,i 
dy [l -h rc6{y) rcS{y - TTR)]gkiy)giiy) = 6k,i . 


(B.21) 


The remaining constraints (IB.2jl . (IB.5f) . and (Ell) as well as the entire ansatz for 
fn and gn remain unchanged. The three parameters An, Bn and can now be 
determined from 



[l + rJiy) + rc5{y - vri?)]/^ = 1 
[l rJiy) + rc6{y - TiR)\fn = 0 



(B.22) 


The analytic expressions for fn{y) and gniy) are still of the form (IB.11|1 and 

^Even a generalization to 6D orbifold theories with kinetic terms at orbifold fixed points or 
lines seems to be straightforward. 
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- 71R 0 „ 71R 



- 71R 0 „ 71R 


Figure B.2; Mass eigenstate wave functions fn{y) and gn{y) with 
n = 3 for an orbifold theory with two BKTs at y = 0 and y = ttR. 


where the normalization constant is now given by 


^ = 1 + dr. + 


1 + 2rc 


+ 


1 + 2rc 


(1 - rc'KRrrinY (1 + TcTiRninY 
1 + 3fc 1 + She 

1 — fcT^Rrrin 1 + f/KRmn 


(B.23) 
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The spectrum rUn is again defined by a transcendental equation and can be ex¬ 
pressed in the following factorised form. 

r rrinTTR mriTc 1 r TTlnTTR rflnrci 

+ [cot^^- ^ ^ (B.24) 

The solutions of the equation can be read off from Fig. 2.1. The masses are 
slightly lighter than the corresponding ones in the one-BKT spectrum. They vary 
in the limit {n — 1)/R < rUn < n/R for cxo > Tc > 0. Interestingly and unlike 
in theories with a single BKT, the mass gap between zero mode and lightest 
KK mode does vanish as ^ oo. We can again express the set of orthonormal 
functions in terms of shifted sines and cosines. Due to the new spectrum, we now 
have to distinguish between even and odd KK numbers. 


fn{y) 


Nn j cosm„(|/± 7ri?/2) for even n 

■ —^- X \ 

V2^^^^7rR cos{mn7TR/2) \±smmn{y±7rR/2) for odd n 


(B.25) 


9n{y) 


Nn J sinm„(?/± 7ri?/2) for even n 

sin(m„7ri?/2) [ =F cosm„(?/± 7ri?/2) for odd n 


(B.26) 


The different signs in the above expressions refer to the negative and positive 
definition intervals respectively. The distinction between even and odd KK modes 
as well as the more complex analytic expressions for normalization constants 
()B.23(1 and mass spectrum (IB.24|1 would make calculations equivalent to the ones 
in Appendices O and 0 niore tiresome. But we hope to have convincingly shown, 
that the underlying concepts of the quantization scheme, the GET proof as well 
as the discussion of the high energy unitarity bounds remain unaffected. 













Appendix C 
Products on 6'^/Z2 


When compactifying higher-dimensional theories, we repeatedly come across prod¬ 
ucts of functions that need to be integrated over the compact dimension y. Take 
for example y)9’^{x, y) in (I2.29j) which leads to (I2.dlj) . The product of these 

two even functions is again even and can be expanded in terms of the functions 
fn{y)- Compactihcation boils down to hnding the coefficients of this expansion 
in terms of and 

There are hve products, i.e. hve combinations of even and odd functions, that 
reappear in our calculations. In this appendix, we determine the coefficients of 
their expansion. The appendix is thought of as a detailed repository, that should 
be helpful when following our calculations in the main chapters. 

We will use the orthonormal basis and to expand even and odd 

functions respectively. 


F+{y) = F+(-y) 

oo 

FM 

n=0 


G.{y) = -G.{-y) 

OO 

^-hj) = '^G-^n)gn{,y) 

n=l 


Let us start by considering the product of two even functions, as in the example 
mentioned above. Using the orthonormality (ED. the coefficients of the expan¬ 
sion can readily be expressed as below. 


F+{y)G^{y) 

[F+ * G+Ih 




n=0 

/ ttR 

■nR 
oo 


dy [1 + rc6{y)]F+{y)G+{y)fn{y) 


^ ptvR 

^ F+(fc)G+(z) / dy[l + rj{y)]fk{y)fi{y)fn{y) 
k,l=0 J-nR 


(C.l) 
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We are left with an integral over a product of three basis functions. In a hrst 
step, we rewrite this product as a simple sum of cosines. 


f*7rR 


’ —nR 


dy[l + rj{y)]fkfifn = 
NkNiNn 


Tc + 


A/24.o+'5!,o+'5n,07j-3^3 L cosmfcTri? cosm;7ri? cosm^Tri? 

piiR 

X / dy cosmk{y — TTR) cosmi{y — ttR) cosmn{y — nR) 


A 


k,l,n 


2\/ 


(C.2) 


Ak,i,n =A(mfc, mi, mn) + A(-mfc, mi, mn) 

+ A(mfc, -mi, mn) + A{mk, mi, -mn) 


(C.3) 


The integration is now trivial. The hnal result distinguishes between the two 
cases of vanishing and non-vanishing period. 


A{mk, mi, mn) = NkNiNn 


dy cos{mk + mi + mn){y - nR) 
nR cosmknR cos minR cosm^vri? 


+ Tc 


(C.4) 


(NkNiNnn^R^r^, 

mk + mi + mn 
for mk + mi + mn 7 ^ 0 


= 


NkNiNn(^[{l + n‘^R^rlm\){l + n‘^R^rlm‘f){l + n'^R'^rlmD)^ + 
for mk + mi + mn = 0 

We therefore arrive at an explicit expression for the coefficients (EU. 

^ A 


[F+ * G+](n) = ^ F+{k)G 


+(0 


k,l=0 


2\/ 2‘^fc,0+<5i,0 + ‘5ra,0 7j-J^ 


(C.5) 


Along the same lines, we derive the coefficients of four further products. 


f’+fe)G-(9) = El^+*G-l(»)S»fe) 

n=l 
00 

|F+*G_]|„, = 


k,l=0 


^l,k,n 


(C. 6 ) 
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F_{y)G.{y) = J2[F-*G.UUy) 

n=0 
oo 

[F- * G'-](n) = ^ F_^k)G_(^i) 


^k.nl 


(C.7) 


/c,/=0 




F4y)G4y)H^{y) = * G+ * ff+],„)/,„,(;/) 


n=0 

oo 


[F+» G+» F+mG+,off. 


+ (m) 




(C.8) 


k,l,m=0 


AttR^/ 2^^»0+'^/,0+^m,0+(5n,0 


F.(y)G.(y)H+{y) = J]|F_ » G_ » //+](„,/,„)(!/) 


n=0 

oo 


[F- *G-* -ff+](n) = ^ F_(k)G_{i)H+{rn) 


A 


(C.9) 


n,m,k,l 


k,l,m=0 


4:7rRv2NFo+^To 


The factors appearing in the coefficients are linear combinations of expressions 
()(h4fl and ()(hl3fl . The arguments of A(mfc,m;,m„) and A(mfc, m;, rUm) can 
either be elements of the spectrum or of its negative. 


Ak^i^n = A{mk, mi, m^) + A(-mfc, mi, m„) 

+ A(mA., -mi, mn) + A(mfc, mi, -mn) 

Kk^n,i = - A(mfc, mi, mn) - A(mfc, mi, -mn) 

+ A(-mfc, mi, mn) + A{mk, -mi, mn) 


(C.IO) 


Ak,i,n,m = A(mfc, mi, mn, mm) + A(-mfc, mi, mn, mm) 

+ A(mfc, -mi,mn, mm) + A(mA:, mi, -mn, mn) 

+ A(mfc, mi, mn, -mm) + A(-mfc, -mi, mn, mm) 

+ A(-mfc, mi, -mn, mm) + A(-mfc, mi, mn, -mm) 

(C.ll) 

Ak,i,n,m = - A(mfc, mi, mn, mm) - A(-mfc, mi, mn, mm) 

- A{mk, -mi, mn, mm) - A(-mfc, -mi,mn, mm) 

+ A(mfc, mi, -mn, mm) + A(mfc, mi, mn, -mm) 

+ A(-mfc, mi, -mn, mm) + A(-mfc, mi, mn, -mm) 
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Akj^n and Ak,i,n,m are symmetric in all their indices. Ak^i^n is symmetric under 
permutation of the hrst and third index, whereas Ak^i^n,m is symmetric under the 
exchange of its hrst two as well as its last two indices. If one of the indices is 
zero, the following relations hold. 




A 


a/ 1 + h 
2 


■^fc,Z,ri 


0,k,l,n 


VI + h, 


:A 


l,k,n 


(C.12) 


Ak^l^nfl 0 




= NkNiN^N„ 


dy cos(mfc + + m^) (?/ - nR) 


+ fc 


ttR cosm^Tri? cos minR cosm^nR cosm^Tri? 

rnirn^rnm + rnkm^m^n + mkmimm + rnkmim^ 


(C.13) 


NMN^N^ n^R^rl 
for mfc + mi + mn + V 0 


mk + mi + mn + mr 


= 


NkNiNnNm [(1 + n‘^R^flml){l + n^R'^rlm^) 

X (1 + n‘^R^r‘lm\){l + n'^R^f'lm?^)] ^ + f c 
for rrifc + m; + = 0 


In the case that no combination of the masses vanishes, i.e. m^ + mi ^ mn for 
all permutations of the indices, expressions (KhlOjl simplify as follows. 


Ak,i,n = NMNnn‘^Ry 


Smj.mfmn 


Ak,n,i = NkNiNn n‘^R^r^ 


mf. + mf + mn — 2{m\mf + + m^m|) 

+ mlf — m^) 

+ mf + mf — 2{m\m'f + mfmf + mfm^) 


(C.14) 




^ m?- — 4mf 

^ - 4m; 

o o o Q o — 2mf 
An,j,n = —N^N^n^R^rf 4m^ 




^ — 4mf 


A„,m,o = A„,o,m = 0 for n^m 


(C.15) 
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On the other hand, if there are vanishing mass combinations, the lower cases in 
(in3i) and ()0.13|1 become relevant and we find 


^n,n,0 ^n,0,n 


2Nl 




:[1 + Tc + TT R r^m^] 


^n,n,0 0 


(C.16) 


^n,n,n,n = = 3A^^[rc(l - + (1 + 

An,n,m,m = 2N^N^[l + fc + {I - fc)fl7i^R^{ml + m^) + 

2 . 8 (C.17) 


A 


0 , 0 , 0,0 — 


VTTr, 
-^ 0 , 0 , 0,0 = -^ 0 , 0,0 = 0 . 


2^o,o,o — 


1 + r. 


Let us hnally comment on the limit Tc —>■ 0. Consider for example A{mk, mi, mn)- 
The limit is trivial for cases in which the (in)equalities between the masses do 
not change as Vc —> 0, e.g. + mo = m„ and n/R + 0 = n/R. The first 
line in (nn vanishes, whereas the second approaches one. Now consider the 
case that a relation between the masses becomes fulfilled as Vc —> 0, for example 
mk + mi ^ mk+i but k/R + 1/R = {k + l)/R. Taking the limit of the factor 
rl/{mk + mi — mk+i) in ()C.4fl carefully. 


lim 

rc^O 


(Pmn 

drl 


4nR^ 


+ 0{n) 


lim 



rc^o mk + mi- mk+i 


lim 

Tc^O 


6 

d^rrik I d^mi 
dr^ ' dr^ 


d^rnk+i 

dr'i 


SttR^ 
kl{k + l) ’ 


we hnd 


lim A(mfc,mz, -mk+i) = 1 • 

r-c—>0 


(C.18) 


We can see that our complex delta expressions ()C.4jl and (jC.13jl reduce to simple 
Kronecker symbols. 


lim A(mfc,mi,m„) = 4+i+n,o 

r-c^O 

lim A(m/j, m;, m^^, m^) dk-\-i+n+m,o 


(C.19) 


In particular, we hnd Ak^i^n dk,i,ni ^k,i,n dk,i,n etc., and we reproduce the 
results for orbifold theories without BKT [9]. Coefficients such as 5k,i,n are dehned 
as simple combinations of Kronecker deltas, see and (jC.lUl . and imply 

selection rules for the couplings of orbifold theories without BKT. 























Appendix D 

Summation over KK modes 


In our calculations of scattering amplitudes in Chapter 121 we encountered repeat¬ 
edly infinite sums over intermediate KK modes. Take for example the elastic 
scattering of two vector KK modes (IXTTl) . where we have to calculate the inhnite 
sum 


E 2-h,o 

n,n,j 

j=0 

Considering (IC.ldfl . the problem reduces to hnding the sum 


OO 


E 



(D,l) 


Although we do not have explicit expressions for the masses rrij, we are able to 
calculate sums of this kind. In this appendix we will show how. We will develop 
a complex analysis summation technique, hrst discussed in [114]. Let us start 
with the simple sum 


E • (D-2) 

i=i 

where Nj is the normalization constant derived in ()B.13jl . In the region around 
the mass spectrum, 1^; — mj| < e, we have 

2 r 1 1 

z - tarniRz ~ — m,) 1 -|- ::--- . 

Tc I rcCOS^vritz- 

The relation remains correct for the negative spectrum, and we introduce the 
convention —rrij = rri-j. Note that the LHS has the form of the spectrum (jR.14jl . 
In the next step, we integrate the inverse of the above expression in the complex 
plane, where the contour Cn encircles the entire spectrum. Although the inte¬ 
grands are two different functions, their residua are identical and the integrals on 
LHS and RHS are equal. 
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lim 

n—>oo 


/ 

r 2 ] 

-1 / 

r 1 1 

® dz 

z -\ -tanvrR^; 

= lim ® dz 

1+ 0 

JCn 

L rc J 

JCr, 

L TcCOS^ nRzj 


CO 



1 

z — rrij 


The contours Cn are circles Zn = {n + 1/4)/R exp{i6) in the complex plane. 
Their radius approaches inhnity in a discrete manner, n —>■ cx), which ensures 
that none of the poles of the integrands lie on the contour. We evaluate the LHS 
by explicitly performing the 6*-integration. On the RHS, we apply the residue 
theorem. 


CAJ ^ ^ 

27ii = 27ii 1^1 + — + TcTi'^R'^m^ 

j=-oo ^ 

On the RHS, we have eliminated the cosine with the help of the spectrum (IB.1411 . 
After a slight rearrangement, we arrive at our desired sum (ina. 

-i 

2rc(l + rc) ^ ^ 

Very good, but it is CD that we need for the calculation of our scattering 
amplitude. The terms in the sum differ by a factor (m^ — We modify our 

summation technique by multiplying the integrand under the complex integration 
by a factor ( 2 ;^ — 4m^)“^. On the LHS, the new factor suppresses the integrand as 
we approach the contour at inhnity. The explicit ^-integration gets us 0 instead 
of the former 27rL On the RHS, two new double poles aX z = ±2m„ appear in 
addition to the inhnite number of poles of the spectrum. Taking their residua 
into account we hnd 



fc(l — -I- (1 -I- 


1 + fc — vr^R^m^r^ 
327r2R2m®r3(l -|- fc) 


(D.3) 


With a modifying factor — 4m^) ^ the LHS integrand is again suppressed 

and the LHS ^-integral vanishes. Taking care of the new residua, we hnd the sum 


XU 

1=1 



rc(l — vr^R^m^r^) -|- (1 -|- vr^R^m^r^)^ 

167r^R^m®r® 


(D.4) 


A factor [z^ —4rn//) ^ approaches one at inhnity, and the ^-integration remains 
unchanged, i.e. 27ri on the LHS as in the calculation of the original sum (in3). 
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Again, there are two additional residua on the right, and we get 





(1 + 


A 


n,n,n,n 


+ Hn 


12iV>4i?4^4^6 


(D.5) 


Using the form (I(hl5fl of the delta expressions, combinations of the three sums 
above get us 


E 2“h.O A2 ^ A 

^ ^n,n,j ^n,n,n,% 

j=0 

OO 


n,n,j ^n,n,n,n 


j=l 


E 2“h.O A A . ^ A 

^ ^n,n^j^n^j,n ^n,n,r, 


j=0 


2 j — An^n,n,n + 

j=0 


Xn = SN^ TT^R^fl ml . 


(D.6) 


Along the same lines, we can calculate the more general sums below, which are 
used in the calculation of the high energy unitarity bounds in Chapter EJ 


E 2“h.o a2 ^ A 

^ ^n,j,m ^n,n,m,r 


j=0 


E 9“h.oA A — A -4-V 

^ ^n,j,n^m,j,m ^n,n,m,m ' J- n,r 


j=0 


E 2-<5j.o a2 , = a I w 

j=o 


= iNlNl, -ir'^lC-fl (ml + ml) 


(D.7) 
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E O — ^j,0 A A _ A -L 7 

j=0 (D.8) 

Zk,i,n,m = 2 NkNiNnNm 7i‘^R^rl {ml + ml + ml + m^) 


The simple relations (ID.6|1 to (ID.8|1 and their laborious derivation leave the im¬ 
pression that there must be a more elegant way of deriving them. 
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